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What are Diffusion Models
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Forward Diffusion Proces

We define a Markov chain of diffusion steps to slowly add small amount of Gaussian noise to
a sample xq in T steps, producing a sequence of noisy samples x1,...,X7.

Definition: Forward Diffusion Pro

T
q(xt | x¢—1) =N (xt; V1-— tht—l,ﬁtl) q(x1.7 | x0) = H q(xt | X¢—1)
t=1

where x¢ is a data point sampled from a real data distribution ¢(xo) and {3: € (0, 1)}3;1 is
a variance schedule.

Usually, we can afford a larger update step when the sample gets noisier, so

Br < P2 << PBr.

Ho et al. (2020) set the forward process variances to constants increasing linearly from
B1=10"% to fr = 0.02.
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Forward Diffusion Process

Property 1

q(xt | x0) =N (x¢; Varxo, (1 — &) I)

where oy =1 — 3¢ and a; = HE:l ;.

Proof)

xt = /arxt—1 ++v1— atzi—1; where zi_1,zi—2, - ~ N(0,I)
= Jatar—1xt—2 ++/1 —arar_1Zt—2
where z;_o merges two Gaussians

= /arxo + /1 — ater; where e: ~ N(0,1)
q(xt | X()) =N (Xt; Vairxo, (1 — dt) I) 0

Eventually when T' — oo, x7 is equivalent to an isotropic Gaussian distribution.
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Reverse Diffusion Process

Idea: “If we can reverse the above process and sample from ¢ (x¢—1 | x¢), we will be able to
recreate the true sample from a Gaussian noise input, x7 ~ N(0,I).”

However, we cannot easily estimate ¢ (x¢—1 | x¢) because it needs to use the entire dataset.
Therefore, we need to learn a model py to approximate these conditional probabilities!

Definition: Reverse Diffusion Pro

Reverse Diffusion Process is defined as a Markov chain starting at pg(xr) = N (x1;0,I):

Po (Xe—1 | x¢) =N (x¢-1; g (x¢,1) , Bg (x¢,1))

T
po (x0:7) = po (x1) [ [ Po (xt—1 | x¢)
t=1

* Note that if B¢ is small enough, ¢ (x:—1 | x¢) is also Gaussian. Therefore, we define
po (x¢—1 | x¢) as a Gaussian distribution.
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» Diffusion Proce

Figure: Forward and reverse diffusion process. (Source: [1] which is based on [2])




Reverse Diffusion Process

The reverse conditional probability g(x:—1|x¢) is tractable when conditioned on z.

q (x¢—1 | %¢,%0) :N(th;ﬂt (xt7x0)7ﬁ~t1)

1—& \/ Bt
where fi, (x¢,%0) = \/7(1 att 1) lt alt X = \/%7 (xt = 1B—tat et) and
5 11—
Be = 1_a;t1 - Pe.
Proof) *Gaussian pdf: f(x|p,X) = det(ZWE)f% exp (f%(x —p)TE  (x—pw)

) q (x¢—1 | %o) q (xt—1 | X0)

_ = _ = _ - Mark
q(x¢—1 | xt,%0) = q (%t | X¢—1,X0 PIERED) q(xt | x¢-1) JOa [x0) arkov
(xt — varxi—1)®  (x¢—1 — Va—1%0)® (%t — \/C_tho)2

X exp + — — —
2 Bt 1—ae_1 1—ay
1 1 2\ /a 2/

= exp (77 ((%+77> xf_l ( + + | X )xt_1+C(xt,x0)))
2 ,Bt 170175_1 ﬁt 17&15_1

where C (x¢,%0) is a function not involving x¢_1.
(Continued on next slide)
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Reverse Diffusion Process

1 1—ai—q
Bt / ( 1— ap— 1) 1—ay Pe
- Vo Va 1
Ht(xtaxo):( xp 4+ Y )/(ﬂ‘f‘i,)
1*at71 Bt  1—az—
_ Y (1—04t—1) \/Oét 18
1—ay 1—on
Vat (1—071:—1) \/Oét 1 _
= — Viz
1—a lfat Va (e — aiet)
1
Xo = \/7647 (xt — V11— &tet) from Prop.1

:L(x —Le) O
at t Vl*@tt
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Learning Objective

Goal: We want to minimize the negative log-likelihood.

Eyo~a(xo) [ 108 P86 (X0)]
< Exgnq(xo) [— 108 pg (x0) + Dxr (g (x1.7 | %0) llpe (%17 | %0))]

q (x1.7 | %0) H
po (X0:7) /Pe (X0)

q (x1.7 | X0)
Po (Xo.T) e po (XO)”

= Exo~a(xo) |:_ log pg (x0) + Esey.r~a(xr.r Ixo0) [log

= Exo~a(xo) |:_ log pg (x0) + By, ra(xr.r Ixo0) [log

q (x1.7 | %0)

=E :| = LVLB
Po (XO:T)

x0:7~4(X0:T) |: &

In other words, we can achieve the goal by minimizing Lvy1,!
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Learning Objective

We can convert Lyr,p to be analytically computable.

Remark 1: Lyip

Lyvie =Eq(xq)[DxL (¢ (X1 | %0) |lpo (x7))]
Lt

T
> Ey(xomxe) (DKL (4 (x¢—1 | x¢,%0) [[Po (xt—1 | x1))]
t=2
Ly

+ Eq(xo,xl) [7 10gp9 (XO | xl)]
—_——————
Lo

4
Proof)
q (x1:7 | Xo0)
Lvis = Eq(x,, |:103 7]
axo.) po (X0:1)
T
—E, |log Ht:l;f(’“ | %-1)
po (x7) [T;=1 Po (x¢t—1 | x¢)
o 4 [ xim1)
=E, |—logpg (x1) + Z log ————8M8M8= (Continued on next slide)
= po (xt—1]%¢)
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Learning Objective

r T
=Eq |~ logpg (x7) + ) _log 4o xio1) o, 200 |x0)
= po(xi—1|xt) po (%o | x1)

T
q(xe—1 | x¢,%0) g (x¢ | %0) ) q(x1 | x0)
=E, |—lo x7) + lo ( . + log
B I gpo (x7) Z; &\ pe (x¢—1 | x¢)  q(x¢—1 | x0) pe (X0 | x1)

. Markov property and Bayes’ rule

B T T
q(x¢—1 | x¢,%0) q (%t | x0) q(x1 | %o0)
=Eq |—logps (x7)+ > log—————F——=+ > log + log
@ | ~logpo ber) £ 3 o = om0k e o) % g o [ )
B T
Xt— Xt, X X X X X
=Eq —logp.g(xT)—l-Zlogq( t=1 | Xt,X0) +logq( T [x0) + log a (1 | x0)
I = po(xe—1]xt) q(x1 | x0) po (o | x1)
[ q(xr|x0) |~y q(xeo1 | xi,%0)
=Eq [log ————> + > log —————"—" —log py (xo | x1)
po(x1) =5 Ppo(xei—1|x:)
T
= Eq(xo) (DKL (¢ (%1 | %0) IPo (x1))] + > Eq(scqx) [PKL (@ (Xe—1 | X2,%0) [|Po (x¢—1 | x¢))]
t=2
Lt Li_1

+ Eq(xo,x1) [~ log pe (%0 | x1)]
N ———
Lo
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Learning Objective

Definition: L7, L; 1, and Lg
(1) LT = Dku. (¢ (x1 | %0) [[pe (x1))
(2) Lt—1 = Dxur (g (x¢—1 | x¢,%0) [|Po (x¢—1 | %¢)) for 2<¢ < T
(3) Lo = —logpe (%o | x1)

1) Ly
e From Prop.1, q (x1 | x0) = N (x7;0,I) when T' — co.
e We assume that pg(x7) = N (x7;0,I).
e L7 is constant and can be ignored during training.
2) Ly
e This term measures the difference between g (x¢—1 | x¢,%0) and pg (x¢—1 | x¢).
e How do we optimize this term? (Next slide)
3) Lo
e This term reconstruct the original image from the slightly noised image.
e This term is optimized by MSE loss: ||xo — g (x1,1)||?
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Learning Objective: L;—q

Li—1 = Dkr (q (x¢—1 | Xt,%0) ||po (x¢—1 | xt)) )
q(x¢—1 | x¢,%0) :N(thl;i:"t (x¢,%0) 7ﬁt1> :N<Xt—1; Nen (Xt - ﬁat €t> ; lzfz—;lﬁtl)
Po (x¢—1 | x¢) =N (x¢—1; g (%, 1), Bg (x¢,1))

t

Let us set pg (x¢,t) = \/% (xt — \/%69(xt’t)) and 3y (x¢,t) = 021

We have two options for 02: 02 = 8; and o7 = 1;(};:1 Bt.-
According to Ho et al. (2020), both had similar results experimentally.

= — —
*Drr(plla) = 3 {log I‘Ej — ket (1 = 1) ST (1 — 1) + 0 {55 121,}}

1
Li—1 0¢ 5= || fy (xt,%0) — b (x¢,0)]?

20?
_ L L(X,LE),L(X,LE(X t))"’
2w Ve \" T VImwm ) vam N Via

B e e
2crt2at (1 — 071&)

Y o,
720?%(1—@) ||€t €9 (\/axo-f-vl atetat)H

Empirically, Ho et al. (2020) found that training the diffusion model works better with a
simplified objective that ignores the weighting term:

L3P — | — eg (Varxo + VI — arer, t) ||
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Training and Sampling Algorithm

Algorithm 1 Training Algorithm 2 Sampling
;: repeat xa) 1 x1 ~N(0,T)
X0 diXo 2 fort="T,... 1do
Z: t~ I/{;l(l(florlr)n({l, -, T}) 3: z~N(0,T)ift > 1,elsez=0
C e~ , s
5: Take gradient descent step on 4 xp1= J% (Xt - }T—a‘;es(xu t)) + o1z
Vo He — eg(vVaxo + /1 — aue, t)“2 5: end for
6: until converged 6: return xo

Figure: Training and sampling algorithm. (Source: [2])
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Generated Samples
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Figure: Unconditional CIFAR10 progressive generation. (Source: [2])
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